Recent results on the total chromatic number  by Hilton, A.J.W.
Discrete Mathematics 111 (1993) 323-331 
North-Holland 
323 




Depariment of’ Mathematics. University of Reading, PO Box 220, Whiteknights, 
Reading RG6 ZAX, UK 
Department of Mathematics. Unicersitp of West Viwinia, Morgantow, WV 26506, USA 
Received 22 July 1991 
Revised 16 October 1991 
Abstract 
Hilton, A.J.W., Recent results on the total chromatic number, Discrete Mathematics 111 (1993) 
323-331. 
We give a survey of various recent results concerning the total chromatic number of simple graphs. 
1. Introduction 
The total chromatic number xT(G) of a graph G is the least number of colours needed 
to totally colour G, i.e. to colour the vertices and edges of G so that no two incident or 
adjacent elements receive the same colour. The centre of interest lies in the still 
unproven conjecture of Behzad [l] in 196.5 that if G is simple (i.e. G has no loops or 
multiple edges) then 
d(G)+ 1 b~T(G)dd(G)+2. 
We shall refer to this as the TCC (the total chromatic number conjecture). 
Very strong evidence for the truth of the TCC has recently been provided by 
McDiarmid and Reed [29], who showed that the proportion of graphs of order n with 
xT(G)> d(G)+2 is o(&) for some c~(0, 1). 
Work on the TCC seemed to die off in the early 1970s because of its seemingly 
intractable nature, but in the late 1980s interest picked up again and quite a large 
number of people are now working on it from various angles. Therefore, the results in 
this survey are quite likely to become out-of-date quite soon. I have made no attempt 
to be comprehensive, but have just picked out those aspects which have aroused my 
interest. For another recent survey, see [4]. 
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The results discussed are of three types. The first is the recent spate of quite good 
upper bounds for the total chromatic number, each valid for all simple graphs. The 
second is the recent proof of the total chromatic number conjecture for simple graphs 
which are dense, i.e. the maximum degree is a large fraction of the order of the graph. 
The third are various structural results about dense simple graphs with a given total 
chromatic number. 
2. Recent upper bounds 
There are two recent upper bounds due to Hind [25,26], and another due indepen- 
dently to two groups of people, Chetwynd and Hlggkvist [S] and McDiarmid and 
Reed [28,29], all the three results being of considerable interest. (The McDiarmid- 
Reed version was a few months earlier: the Chetwynd-Hbggvist version is marginally 
stronger.) 
The most publicized of the recent upper bounds has been one of Hinds. This 
bound is 
where x’(G) is the chromatic index (edge-chromatic number) and x(G) is the chromatic 
number of G. Unfortunately, the final part of Hind’s argument contained a non- 
sequitur. But fortunately the argument can be rejigged along the following lines, to 
yield Hind’s bound. [The proof outline is essentially Hind’s proof of his Theorem 2 of 
[25] with d(G) replaced by x(G).] 
We first colour the vertices with a set C of x(G) colours. We colour the edges with 
a set of x’(G) colours, which includes C. Let H be the spanning subgraph of G formed 
from the vertices and edges of G coloured with colours from C. Let k~{ 1, . . . , x(G)), 
and partition { 1, . . . , x(G)} into k sets I l,...,Zk with IIkI<rX(G)/kl. Let Hi be the 
subgraph of H such that E(Hi) is coloured with colours from Ii, and let w be the set of 
vertices coloured with colours from Zi. Let Ji be obtained from Hi by removing the 
edges with both ends in Wi. Hind proved a lemma which implies that the vertex 
colouring of V$ can be extended to a colouring of WiUE( Ji) obeying the total 
colouring rules using the colours of li plus one extra colour. Doing this for each i, we 
obtain a total colouring of all of H except for the edges with both vertices in some Wi; 
the number of colours used is x(G)+ k. Note that an edge with both ends in w is not 
adjacent to an edge in Wj if i #j. Therefore, the remaining uncoloured edges of H can 
be coloured with rX(G)/kl further colours. Thus, H can be totally coloured with 
X(G)+rX(G)/kl +k colours. We now insert the edges of G which are not in H with 
their colours. Then we have a total colouring of G with x’(G) +rx (C)/k] + k colours. 
Finally, put k=r&(G)l. Then we have a total colouring of G with at most 
$(G)+2r&(G)] colours. 
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Chetwynd and Hlggkvist [S] and McDiarmid and Reed [28,29] have shown that if 
t! > 1 V(G)1 then 
Their method of proof is as follows. First, both V(G) and E(G) are coloured with the 
same set of x’(G) colours, both the vertex and the edge-colouring being proper. If 
t! > / V(G)1 then a simple counting argument shows that there is a permutation of the 
colours used on the edges (with the vertex colouring remaining unchanged) such that, 
at each vertex u, there are at most t- 1 edges incident with v which have the same 
colour as the vertex at the other end from u. Let the ‘graph of violations’ be the graph 
induced by those edges which have the same colour as one of the two incident vertices. 
The graph of violations has maximum degree at most t, and so can be re-edge- 
coloured with t+ 1 additional colours. So, G can be totally edge-coloured with 
x’(G)+ t+ 1 colours. A slight refinement of this argument yields the bound x’(G)+ t. 
Hind [26] has also proved the following very recent bound: 
i 1 If’(G)1 +1, XT(G)~A(G)+~ A(G) 
His method is, very briefly, as follows. Let k=rl P’(G)/d(G)l . He first gave V(G) 
a colouring with d + 2k + 1 colours, in which each colour class has at most k elements. 
This is possible by a theorem of Hajnal and Szemeredi [17]. He then coloured the 
edges one by one so that the total colouring rules were satisfied. To colour an edge 
x,,y, he used a technique similar to that of Vizing [34] in his edge-colouring theorem. 
He constructed a generalization of a fan, somewhat like that used by Vizing, with 
pivot vertex y,. It turns out that one of the end-vertices, say x*, of the generalized fan 
is the beginning of a ‘swoppable’ (x,0*)-path P, where CI is missing at y, and /I* is 
missing from at least 2k vertices of the generalized fan. Swoppable means that the 
edges of P are coloured alternately x and /I*, and that neither end vertex is coloured 
a or /I*, or has an edge not in P coloured c( or /3*, incident with it. This sufficed to 
enable him to interchange the colours of P and to change the colours on certain edges 
of the fan in such a way that the uncoloured edge could be coloured. 
3. The total chromatic number conjecture is true for graphs 
which are sufficiently dense 
In [ll], Chetwynd et al. showed that if 6(G)>s(/V(G)/+2), where 6(G) is the 
minimum degree of G, then xr(G)6 A(G)+2. They also showed that if I V(G)/ is even 
and 6(G)>i(l V(G)/- 1) then again xT(G)<A(G)+2. Yap et al. [35] have recently 
proved the TCC for graphs G satisfying A(G)3 ) V(G)1 -4. Very recently, Hilton and 
Hind [23] proved the TCC for graphs G satisfying A(G)321 V(G)I. 
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However, we point out that Hind’s second bound already gives strong results when 
G is dense; for example, we have from Hind’s result that if d (G)>,$I V(G)\ then 
xT(G)<d(G)+5, and that if d(G)>:1 V(G)\ then xT(G)<d(G)+7. 
To illustrate the kind of approach which has been used here, let us sketch the proof 
of a part of the first result mentioned above, namely, that if 1 I/(G)\ is odd and 
6(G)as(II/(G))+2) then xT(G)<A(G)+2. Let I V(G)(=2n+ 1. Start by picking out 
2n-A pairs Uj,UZn_d+j(j=l,..., 2n-A) of nonadjacent vertices. From G* by intro- 
ducing a further vertex v* and joining it to all the vertices of G except ur, . . . , z)~~-~. 
The resulting graph G* has at most maximum degree A(G)+ 1. Let F,, . . . . FZn-d be 
edge-disjoint matchings such that Fj is incident with each vertex of G* except 
uj and U2n-A+j, and, in particular, contains the edge U*vz,_A+j. Let 
G** = G\(F,u...uF,,_,); G** has 2n- A vertices of maximum degree and the initial 
conditions imply that 
s(G**)>(n+1)+(2n-d)+4. 
It follows by a lemma proved independently by Hilton [22] and Niessen and 
Volkmann [31] that G** can be edge-coloured with A(G**) = 2A(G)- 2n + 2 colours. 
From this edge-colouring of G ** it is easy to construct a total colouring of G. 
There are two points in this proof where the argument ‘pinches’, i.e. where there is 
a numerical constraint which needs to be overcome before the existing argument can 
be used to strengthen the bound. The first is the lemma mentioned above (there is no 
reason to suppose the lemma cannot be improved). The second lies in the difficulty of 
proving that the matchings Fr, . . . . F2n_A exist. The technique used was a simple- 
minded one of applying a generalization due to Berge [2] of a theorem of Chvatal 
[12] about the existence of Hamiltonian circuits containing specified edges to the 
graph G*\(F,u’..uFi). 
The more recent improved argument of Hilton and Hind is similar; it uses the recent 
criterion for the existence of a Hamiltonian circuit due to Flandrin et al. [14] as well 
as a Vizing-type fan argument. 
4. An aside: the chromatic index of dense graphs 
As illustrated by the proof method indicated in Section 2, there is a strong 
relationship between edge-colouring and total-colouring graphs, particularly when 
the graphs are dense. It will be very helpful to run over some of the main conjectures 
and results about the chromatic index of dense graphs. 
For a simple graph G, Vizing’s theorem [34] tells us that the chromatic index x’(G) 
satisfies 
A(G)<x’(G)< A(G)+ 1. 
A graph G with x’(G)= A(G) is Class I, and one with x’(G)= A(G)+2 is Class 2. 
Recent results on the total chromatic number 327 
An example of a Class 2 graph is given in Fig. 1. This has to be Class 2 
for the following simple reason. No colour can appear on more than two edges and 
there are seven edges altogether. So at least [$I =4 colours are needed, but 
d(G)=3. 
Generalizing, a graph G is overfull if IE(G)l>d(G)L$J V(G)/ J. Chetwynd and 
Hilton [6, 181 made the following conjecture. 
Conjecture E (E for edge). Let G be a simple graph with d(G)>fl V(G)J. Then G is 
Class 2 if and only if G contains an overfull subgraph H with d(G)=d(H). 
The example of the Petersen graph with one vertex removed shows that the figure 3 
in Conjecture E cannot be lowered. 
Conjecture E has aroused some interest. The evidence for Conjecture E includes the 
following: 
(1) It is true if d(G)31 V(G)I-3 (see [9]). 
(2) It is true if IE(G)I=d(G)L)IV(G)/ J and d(G)>$(@-l)(I V(G)l+l)+l (see 
[22]). (Note that b(fi - 1) z 0.896.) 
(3) It is true if G is a complete s-partite graph for some s (see [27]). 
(4) Conjecture E implies (see [19, 311) the following Conjecture R, which may go 
back to the 1950s or earlier. 
Conjecture R (R for regular). Let G be a simple regular graph with / V(G)/ even and 
d(G)241 V(G)I. Then G is l-factorizable (i.e. G is Class 1). 
Conjecture R itself has been proved by Chetwynd and Hilton [S] and by Niessen 
and Volkman [31] if d(G) (the common degree of G) satisfies d(G)>i(-J?- l)[ V(G)l. 
(Note that $(fi- 1) z 0.823.) 
Of course, the methods used to prove most of these results are quite complicated. 
However, somewhere there is a generally lurking an idea rather similar to that 
mentioned in Section 2. This idea is to remove from G a set {F,, . . . , F,} of l-factors or 
near l-factors, usually chosen with special care, in such a way that the graph 
G\CF, u...uF,) is Class 1 for some reason; the reason why this graph should be 
Class 1 could be, for example, that the set of vertices of maximum degree induce 
a forest (see [15]). 
Fig. 1. 
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5. Dense graphs which are Type 1 
If x*(G)=d(G)+ 1 we call G Type 1, and if xT(G)= A(G)+2 we call G Type 2. If the 
TCC is true, then all simple graphs are Type 1 or Type 2. 
For dense graphs there is a condition, reminiscent of the overfull condition in 
Section 4, implying that a graph cannot be Type 1. Consider the graph G = &. This 
graph is Type 2 for the following reason. Since G is regular, if G were Type 1 then each 
colour would occur at each vertex (i.e. either on the vertex itself or on an edge incident 
with the vertex). However, since G is a complete graph, if a colour occurs on one vertex 
then it can occur on no other vertex; since an edge coloured b causes b to occur at two 
vertices, and since 1 V(G)1 is even, it follows that b does not occur at some vertex, 
a contradiction. 
This type of argument can be generalized. Let the dejciency def(G) be defined by 
def(G)= 1 (A(G)-d,(v)). 
usI’ 
A vertex-colouring of G is an assignment of colours to the vertices so that no two 
adjacent vertices have the same colour. A simple graph is conformable if it has a vertex 
colouring with A(G) + 1 colours such that the number of vertex colour classes of parity 
different from 1 V(G)1 is at most def(G). (Note that if 1 V(G)( is even and some colour is 
used on no vertices, then that vertex colour class has the same parity as I V(G)I.) 
Generalizing the argument for K4 above, it is not hard to see that if a simple graph is 
not conformable then it cannot be Type 1. Unsurprisingly, there are conformable 
graphs which are not Type 1, for example, K,,, when n is even. 
Chetwynd and Hilton [7] proposed the following conjecture. 
Conjecture T (T for total). Let G be a simple graph with A(G)>i(j V(G)\ + 1). 
Then G is Type 2 if and only if G contains a nonconformable subgraph H with 
A(H)= A(G). 
The example of K,,, when n is even shows that the figure i in Conjecture T cannot be 
lowered. 
The evidence for Conjecture T is reasonably strong. The evidence includes the 
following: 
(1) It is true if A(G)= I P’(G)1 - 1 (see [20]). 
(2) It is true if G is regular, of odd order, with d(G)>dI P’(G)1 (see [ll]). (Note 
that 4 = 0.883.) 
(3) It is true if G is regular, of even order, with d(G)31 V(G)j-3 (see [ll]). 
(4) It is true if G is regular, of even order, and G is bipartite (see [13]). 
(5) If Conjecture E is true for graphs of even order, then Conjecture T is true for 
graphs of odd order satisfying 6(G) 2 $1 V(G) I -$ and some further minor conditions 
(see [24] ). 
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It should, however, be mentioned that Bor-Liang Chen and Hung-Lin Fu [S] 
have recently found a counterexample to Conjecture T when 1 V(G)1 is even and 
d(G) = 1 V(G)1 - 2. This counterexample may just be an isolated case. 
Although some results have been obtained in the case when ) V(G)/ is even, it seems 
likely that, in general, this case will be harder to deal with than the case when ) V(G)1 is 
odd. 
Result (3) above is easy, and (2) and (5) come from the close relationship between the 
edge- and total-colourings of dense graphs discussed in Section 2. However, it is worth 
drawing attention to the fact that completely different methods have been used to 
prove (1) and (4) above. 
The method used by Hilton [20] to prove (1) above is based on an analogue of 
Ryser’s theorem about completing partial latin squares [32]. Ryser’s theorem states 
that a partial Y x s latin rectangle R on symbols cl, . . , gn can be completed to an n x n 
latin square if and only if N(a,)ar+s-n (i= 1, . . ., n), where N(ai) is the number of 
times gi occurs in R. It could well be that there is scope for extensive further analogues 
of Ryser’s theorem generalizing the result in [20], but it seems likely that any such 
analogues will require much effort. Incidentally, the formulation of the result in [20] is 
rather different from the formulation here, but it is not hard to see the equivalence of 
the two. 
Result (4) above is very straightforward if I V(G)1 = 2n and n is odd. For n even, 
Dugdale and Hilton [13] needed to invoke a rather difficult result on directed 
Hamiltonian cycles due to Ghouila-Houri [16]. It is rather hard to say at the moment 
whether their method provides much further scope for tackling Conjecture T when 
1 V(G)1 is even. 
6. The total chromatic number of dense bipartite graphs 
McDiarmid and Sanchez-Arroyo [30] and Sanchez-Arroyo [33] have shown 
that the problem of deciding if a graph G is Type 1 is NP-complete, even if G 
is known to be bipartite. Of course, if G is bipartite, then it is easy to see that 
xT(G)<~(G)+~. 
As remarked earlier, if n is even, then K,,, is conformable and yet is not Type 1. 
However, the fact that K,,, is not Type 1 is nonetheless due to the fact that it does not 
possess the right kind of vertex colouring. If a regular bipartite graph G with 
bipartition (A, B) is Type 1, then each colour occurs on the same number of vertices of 
A as of vertices of B. 
Call a bipartite graph G equibipartite if it has a vertex partition V(G) = A uB, where 
IA I = JBI and each edge joins a vertex of A to a vertex of B. Given an equibipartite 
graph G and given a vertex colouring with colours ci, . . . , cdcGj + 1, let Ai be the set of 
vertices of A coloured ci and let Bi be the set of vertices of B coloured ci; let ai= 1 Ai1 
and bi=IBil. For UEV(G), let def(u)=d(G)-&(o). For l<i<d(G)+l, let 
deft =CvoAi def(u) and let deff=C,,,i def(v). Call G biconformable if, for 
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Fig. 2 
1 d id d(G) + 1, G has a vertex colouring such that 
def!(G)3max{bi-ai,O} (l<ibd(G)+ l), 
def?(G)>max{ai-bi,O} (1 <id d(G)+ 1) 
and 
d(G) + 1 
def(G)3 C Iai-biI* 
i=l 
This is a revised definition of biconformable, due to J. Wojciechowski; it is more 
restrictive than the earlier definition in [7]. It is easy to see that an equibipartite graph 
which is not biconformable is Type 2. K,,, is not biconformable. Incidentally, any 
equibipartite graph which is biconformable is also conformable (see [7]). 
Chetwynd and Hilton [7] formulated the following conjecture. 
Conjecture B (B for bipartite). Let G be a simple bipartite graph with 
d(G) a&( 1 V(G)1 + 1). Then G is Type 2 if and only if G contains an equibipartite 
subgraph H with A(H) = A(G) which is not biconformable. 
The figure & cannot be lowered since the Mobius ladder Ml4 (shown in Fig. 2) is 
biconformable and yet is Type 2. It must be admitted, however, that the figure & in 
Conjecture B is rather a shot in the dark. 
It must also be admitted that the evidence for Conjecture B is rather thin. The only 
substantial result is that it is true if 1 A I = A(G). The proof by Hilton [21] of this result 
is based on another analogue of Ryser’s theorem; it is also formulated in [21] rather 
differently than here. If it is true, Conjecture B seems likely to be very intractable. 
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